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A simple geometrical proof is been given in order to show that any two maximally
entangled states of three spin{1/2 particles are locally unitarily connected. And
assuming a condition, which ensures that a typical plane in a Hilbert space of n
spin{1/2 particles contains at least one product state, it is shown that any two
maximally entangled states of spin{1/2 particles are locally unitarily connected.
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1 Introduction
Entanglement is the basic property that is manifested in dierent quantum behaviours,
and makes a sharp distinction between classical and quantum worlds. It has been shown
that entanglement of quantum mechanical states plays the key role in showing the vi-
olations of Bell’s inequalities ([1], [2], [3]) and in showing Hardy’s nonlocality ([4], [5],
[6], [7], [8]) { both of them being the criteria proving the fact that the locality and re-
ality assumptions of EPR ([9]), when applied to any model (i.e., hidden variable model)
in quantum mechanics, lead to a contradiction. Also entanglement is the basic feature
in showing teleportation ([10]), quantum cryptography ([11]), superdense coding ([12]),
entanglement enhanced classical communication ([13]), entanglement enhanced commu-
nication complexity ([14]), and quantum computational speedups ([15]).
The entanglement property of states occurs only when we consider composite quantum
systems. A state of a composite quantum mechanical system is said to be entangled if this
state can not be represented as a tensor product of states of the individual subsystems
(constituting the composite system), in any orthogonal basis of the individual subsystems.
It is known that ([16]), the product states of two spin{1/2 particles (in fact one can take
any product state of n spin{1/2 particles) do not violate Bell’s inequality (it is true for
any choice of observables), while the singlet state (or, a state which is locally unitarily
connected to it) violates the same with maximum probality (in comparision to other non-
singlet states), for a specic choice of observables. And for the same choice of observables,
any entangled pure state of two spin{1/2 particles, which is neither a product state nor
a state which is locally unitarily connected to the singlet state, violates Bell’s inequality
with positive probability, but less than the above maximum one ([3]). So there is a direct
relation between entanglement of pure states and violation of Bell’s inequality by this
state. And from this point of view, the singlet state is said to be maximally entangled.
Thus any pure state of two spin{1/2 particles, which is locally unitarily connected to the
singlet state, is again a maximally entangled state.
The maximally entangled states of two spin{1/2 particles (i.e., states which are locally
unitarily connected to the singlet state) do not satisfy Hardy’s nonlocality criteria, while
any non-maximally entangled (pure) state of two spin{1/2 particles does satisfy the above
criteria ([17]). The GHZ state of three spin{1/2 particles ([18]), and any state, which is
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locally unitarily connected to the GHZ state, satisfy the Hardy’s nonlocality criteria ([8]).1
It is also known that the GHZ state contradicts the locality and reality assumptions of
EPR with 100% probability ([18]). And in this respect, the GHZ state may be called a
maximally entangled state of three spin{1/2 particles.
So one may think of how to dene maximally entangled states of n spin{1/2 particles
(where n  2) and how to classify them. Maximally entangled states are those
(pure) states each of which has no single particle property. That is, the single
particle reduced density matrices are maximal mixture states, i.e., 1
2
I. Thus, if ρ is the
density matrix of a quantum mechanical pure state of n spin{1/2 particles (where n is
a positive integer greater than 1), and if ρ1, ρ2, . . . , ρn be the single particle reduced
density matrices of rst, second, . . . , n-th particle respectively2, then above state (whose
density matrix is ρ) will be a maximally entangled state if ρi =
1
2
I in some chosen basis
in Hi (i = 1, 2, . . . , n), where I is the 2 2 identity matrix.
Schlienz and Mahler ([20]) provided an elaborate mathematical proof that every maxi-
mally entangled state of three spin{1/2 particles is locally unitarily connected to the GHZ
state, using some invariants of three and two particle properties. This result is also valid
for maximally entangled states of two spin{1/2 particles3, but the result has not been
extended for n spin{1/2 particles for n  4, as the method of Schlienz and Mahler, in
that case, is almost impossible to apply. In this paper we shall provide a geometrical
proof (which is much more simple than that of Schlienz and Mahler) to show that the
maximally entangled states of three spin{1/2 particles are locally unitarily connected.
And assuming a criterion, we shall prove the above result for n spin{1/2 particles, where
n  4.
The paper is arranged as follows. In section 2, we shall mention the algebraic equations
to be satised by the coecients of a maximally entangled state of n spin{1/2 particles.
In section 3, we shall describe a condition, whose validity will imply that the maximally
1In fact it can be shown that ([19]) any GHZ{like state of n spin{1/2 particles : 1p
2
j+ zi1⊗ j+ zi2⊗
. . .⊗ j+ zin + 1p2 j − zi1 ⊗ j − zi2 ⊗ . . .⊗ j − zin, and any state, locally unitarily connected to it, satisfy
Hardy’s nonlocality criteria with a positive probability, whose maximum value is 1/2n for n  3.
2Thus ρi is the density matrix of the i-th spin{1/2 particle and it operates on the two dimensional
Hilbert space Hi of the i-th particle.
3Thus every maximally entangled state of two spin{1/2 particles is locally unitarily connected to the
singlet state.
3
entangled states of n spin{1/2 particles are locally unitarily connected, where n  2. For
n = 2, 3, it will be shown in section 4 that the above condition is satised. In section 5, we
shall show that the Schmidt{like states of three spin{1/2 particles are not locally unitarily
connected even if the single particle reduced density matrices satisfy conditions similar
to those of maximally entangled states. In section 6, we shall describe elaborately the
system of algebraic equations to be satised in order to show that the maximally entangled
states of n spin{1/2 particles are locally unitarily connected, but we have failed to show
the existence of solution(s) of this system of equations. Section 7, provides discussions.
2 Criteria of maximal entanglement
Let us now consider the following pure state of n spin-1/2 particles, where n  2 :
jΨi = ∑
(i1,i2,...,in)2Sn v(i1,i2,...,in)ju1i1i ⊗ ju1i2i ⊗ . . .⊗ ju1ini, (1)
where ∑
(i1,i2,...,in)2Sn jv(i1,i2,...,in)j
2 = 1. (2)
Here S = f1, 2g, Sn = f1, 2gf1, 2g. . . n times; v(i1,i2,...,in) 2C for all (i1, i2, . . . , in) 2 Sn
and juj1i, juj2i are two orthonormal states in the two dimensional Hilbert space Hj of the
j-th spin{1/2 particle.
Let
ρ = jΨihΨj. (3)
Let us now consider the single particle reduced density matrices ρ1, ρ2, . . . , ρn of ρ :
ρ1 =
∑
(i2,i3,...,in)2Sn−1 huninj ⊗ ⊗ . . .⊗ hu2i2jρju2i2i ⊗ . . .⊗ junini,
ρ2 =
∑




(i1,i2,...,in−1)2Sn−1 hun−1in−1j ⊗ . . .⊗ hu1i1jρju1i1i ⊗ . . .⊗ jun−1in−1i.

(4)





corresponding to the j-th spin{1/2 particle, j = 1, 2, . . . , n. One can write I = juj1ihuj1j+
































1, . . . , in, i
0
n 2 S. It is easy to check that the states (1/
p
2)(j+ zi1 ⊗ j − zi2 −
j − zi1 ⊗ j+ zi2), (1/
p
2)(j+ zi1 ⊗ j − zi2 + j − zi1 ⊗ j+ zi2) are maximally entangled
states of two spin{1/2 particles, the GHZ state (1/
p
2)(j+ zi1⊗j + zi2⊗j+ zi3−j − zi1⊗
j − zi2⊗j − zi3) is a maximally entangled state, where σz jzii = (1)jzii for i = 1, 2, 3.
It is obvious that any state ji, which is locally unitarily connected to the maximally
entangled state jΨi (given in equation (1)), is again a maximally entangled state.
3 Assumption for maximal entanglement
The converse of the result in the last paragraph of the previous section is as follows :
If jΨi and ji are two maximally entangled states of n spin{1/2 particles, they are locally
unitarily connected.
We shall show in the next section that this result is true for n = 2 and 3. And in this
section, we shall describe here a conjecture in order to prove that the above result is true
for n  4.
Let us consider the maximally entangled state ji to be the following GHZ{like state :
ji = 1p
2
j+ zi1 ⊗ . . .⊗ j+ zin +
1p
2
j − zi1 ⊗ . . .⊗ j − zin. (7)
Let jΨi be the maximally entangled state given in equation (1), where the coecients
satisfy the equations (2) and (6).4 And our aim is to show that the two states ji and jΨi
are locally unitarily connected under a certain assumption.5 Let us consider the following
4In fact equation (6) implies equation (2).
5If jχi is any other maximally entangled state of n spin{1/2 particles, it will be again locally unitarily
connected to ji, and hence jχi will be locally unitarily connected to jΨi.
5
orthogonal transformations of the bases
juj1i = cosθj jwj1i+ sinθj eij jwj2i,
juj2i = − sinθj eij jwj1i+ cosθj jwj2i,
 (8)




jw11i ⊗ jχ23...n(θ1, 1)i+ 1p
2
jw12i ⊗ jχ23...n(θ1, 1)0i, (9)
where
jχ23...n(θ1, 1)i = cosθ1 jΨ23...ni − sinθ1 e−i1 jΨ23...n0i,
jχ23...n(θ1, 1)0i = sinθ1 ei1 jΨ23...ni+ cosθ1 jΨ23...n0i,
 (10)
and
jΨ23...ni = ∑(i2,i3,...,in)2Sn−1 p2v(1,i2,...,in) ju2i2i ⊗ . . .⊗ junini,
jΨ23...ni = ∑(i2,i3,...,in)2Sn−1 p2v(2,i2,...,in) ju2i2i ⊗ . . .⊗ junini.
 (11)
Equations in (6) guarantee that the normalized states jΨ23...ni and jΨ23...n0i are orthogonal
in the (total) Hilbert space H2 ⊗ . . . ⊗ Hn of the (n − 1) number of spin{1/2 particles,
namely 2nd, 3rd, . . . , n-th particle. And so jχ23...n(θ1, 1)i, jχ23...n(θ1, 1)0i are any two
orthonormal states in the two dimensional closed subspace P23...n of H2 ⊗ . . . ⊗ Hn,6
generated by jΨ23...ni and jΨ23...n0i.
We shall now assume the following.
Conjecture (1) : P23...n contains a product state.
Regarding the product states, we have the following results.
Result (1) : IfH1 andH2 be two Hilbert spaces of dimensions n andm respectively, the
set of all product states of H1⊗H2 will form a (n+m−1){dimensional (complex) manifold
; and so every (closed) subspace (of H1⊗H2) of dimension higher than nm−(n+m−1)
will always contain at least one product state of H1 ⊗H2 ([21]).
As corollaries to the Result (1), we have the following results.
Result (2.1) : If P is any closed subspace of the four dimensional Hilbert space of two
spin{1/2 particles and if dimension of P is higher than one, it will always contain at least
one product state.
Result (2.2) : Any hyperplane in a four dimensional Hilbert space of two spin{1/2 par-
ticles always contains at least one product state ([22]).
6Thus P23...n is a hyperplane in H2 ⊗ . . .⊗Hn.
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Result (2.3) : Any hyperplane in a four dimensional Hilbert space of two spin{1/2 parti-





2)jw12i⊗ jw22i, where fjwj1i, jwj2ig are any orthonormal
states in the two dimensional Hilbert space of j-th spin{1/2 particle, j = 1, 2.
Result (2.4) : The set of all product states in the 2n{dimensional Hilbert space H1 ⊗
. . .⊗Hn of n spin{1/2 particles (Hj being the two dimensional Hilbert space of the j-th
spin{1/2 particles) forms a (2 + 2n−1 − 1){dimensional (complex) manifold, and so every
subspace (of H1⊗ . . .⊗Hn) of dimension higher than 2n − (2 + 2n−1− 1) = 2n−1− 1 will
always contain at least one product state.
Result (2.5) : An arbitrary hyperplane in a 2n{dimensional Hilbert space H1⊗ . . .⊗Hn
of n spin{1/2 particles (Hj being the two dimensional Hilbert space of the j-th spin{1/2
particles) may or may not contain any product state.
Thus from the result (2.5) we see that Conjecture (1) may or may not be true if n  4.
But for the sake of our argument, we assume now that Conjecture (1) is true for n  4
also.
So, for some real values of θ1 and 1, we have
jχ23...n(θ1 1)i = jw21i ⊗ . . .⊗ jwn1i. (12)
And let us assume that
jχ23...n(θ1 1)0i =
∑
(i2,i3,...,in)2Sn−1 w(i2,i3,...,in) jw2i2i ⊗ . . .⊗ jwnini, (13)
where ∑
(i2,i3,...,in)2Sn−1 jw(i2,i3,...,in)j
2 = 1. (14)
Then from equation (9) we have,
jΨi = ∑










w(i2,i3,...,in) for all (i2, . . . , in) 2 Sn−1.

(16)
As jΨi is a maximally entangled state, therefore the coecients d(i1,i2,...,in) will satisfy
the equations in (6), with v(i1,i2,...,in) replaced by d(i1,i2,...,in). One then easily gets that
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jw(2,2,...,2)j = 1 and w(i2,i3,...,in) = 0 for all other (i2, i3, . . . , in)’s in Sn−1.7 Hence we have
jχ23...n(θ1, 1)0i = eiα jw12i ⊗ jw22i ⊗ . . .⊗ jwn2i, (17)
where α 2R. Thus equation (15) takes the following form
jΨi = 1p
2
jw11i ⊗ jw21i ⊗ . . .⊗ jwn1i+ 1p
2
eiα jw12i ⊗ jw22i ⊗ . . .⊗ jwn2i. (18)
The last equation imedeately shows that the maximally entangled state jΨi of equation
(1) is locally unitarily connented to the GHZ{like state in equation (7).
4 The case for n = 3
It is obvious from the general treatement of the previous section that the maximally
entangled states of two spin{1/2 particles are locally unitarily connected. The case for
n = 3 is also clear from Result (2.2) of the previous section. In this section we shall give
an alternative proof (using only the Result (2.3)) to show that Conjecture (1) is true for
n = 3.




jw11i ⊗ jχ23(θ1, 1)i+ 1p
2
jw12i ⊗ jχ23(θ1, 1)0i. (19)
Using Schmidt decomposition, the state jχ23 (θ1, 1)i can be written as (for at least one
set of real values θ1 and 1)
jχ23(θ1, 1)i = cos θ jw21i ⊗ jw31i+ sin θ jw22i ⊗ jw32i, (20)
for some θ 2 ([0, pi/2]− fpi/4g). And assuming
jχ23(θ1, 1)0i =
∑
(i2,i3)2S2 c(i2,i3) jw2i2i ⊗ jw3i3i, (21)
7As jΨi is a maximally entangled state, therefore each of the single particle reduced density matrices
ρ1, ρ2, . . . , ρn of jΨi must have 1/2, 1/2 as its eigen values. And so the coecients v(i1,i2,...,in) (and so the




j∑(i1,...,ij−1,ij+1,...,in)2Sn−1 v(i1,...,ij−1,1,ij+1,...,in) v(i1,...,ij−1,2,ij+1,...,in)j2 = 1/4, where j = 1, 2, . . . , n. And
using equation (16), one easily gets that w(i2,...,ij−1,1,ij+1,...,in) = 0 for all ij 2 S where j = 2, . . . , n. This
shows (using equation (14)) that jw(2,...,2)j = 1 and all other w(i2,...,in)’s are zero.
8
and using the fact that the state jΨi (in equation (19)) is a maximally entangled state,
we have (as in the preceeding section),
jχ23(θ1, 1)0i = eiβ (−sin θ jw21i ⊗ jw31i + cos θ jw22i ⊗ jw32i), (22)
where β 2R. Using equations (20) and (22), we get from equation (19) that
jΨi = 1p
2
jw110i ⊗ jw21i ⊗ jw31i+ 1p
2
jw120i ⊗ jw22i ⊗ jw32i, (23)
where
jw110i = cos θ jw11i − sin θ eiβ jw12i,
jw120i = sin θ jw11i+ cos θ eiβ jw12i.
 (24)
Equation (23) assures that Conjecture (1) is true for n = 3.8 And so maximally entangled
states of three spin{1/2 particles are locally unitarily connected.
5 Three–Particle State in Schmidt Form
Let us cosider a pure state of three spin{1/2 particles in the following Schmidt form :
jφi = c1jφ1i ⊗ jφ2i ⊗ jφ3i+ c2j φ1i ⊗ j φ2i ⊗ j φ3i, (25)
where c1 and c2 are any given pair of complex numbers (with jc1j 6= 1/
p
2, jc2j 6= 1/
p
2
and jc1j2 + jc2j2 = 1),9 and fjφji, j φjig is a set of mutually orthonormal spin{1/2 states of
the j-th spin{1/2 particle (j = 1, 2, 3). It is easy to check that each of the single particle
reduced density matrices of jφi have their eigen values as jc1j2 and jc2j2. And any (pure)
state of three spin{1/2 particles, which is locally unitarily connected to jψi, possesses
this property. So one may be tempted to assume that if jφi and jχi are any two (pure)
states of three spin{1/2 particles satisfying the above property, they are locally unitarily
connected{analogous to the case of maximally entangled states. But we shall show that
this not true.
8as jχ23(θ1, 1)i = jw21i ⊗ jw31i is a product state in the hyperplane P23, and as for particle 1, the
(orthonormalized) basis fjw110i, jw120ig is obtained from the (orthonormalized) basis fju110i, ju120ig by
a unitary transformation of the form given in equation (8), corresponding to some (real) values (say,
(θ10, 10)) of the variables θ1, 1
9so jc1j 6= jc2j
9
Let us take two three{particles states as






jψ1i ⊗ jψ2i+ 1p
2







j ψ1i ⊗ jψ2i+ jc1jp
2jc2j
jψ1i ⊗ j ψ2i
⊗ j ψ3i (27)





2, jc1j2 + jc2j2 = 1 and fjφji, j φjig, fjψji, j ψjig are two sets of mutually orthonormal
spin{1/2 states of the j-th spin{1/2 particle (j = 1, 2, 3), they are being related by the
following unitary transformations :
jψji = cos θj jφji+ sin θj eij j φji,
j ψji = − sin θj e−ij jφji+ cos θj j φji,
 (28)
(j = 1, 2, 3), θ3 being not an integral multiple of pi/2. One can easily check that each of
the single particle reduced density matrices of jφi (and also of jχi) has jc1j2 and jc2j2 as
its eigen values. Then we have
jχi = fjc1j2 cos2 θ3 + jc2j2 sin2 θ3g1/2 jψ12i ⊗ jφ3i
+fjc1j2 sin2 θ3 + jc2j2 cos2 θ3g1/2 jψ120i ⊗ j φ3i (29)
where
10


















j ψ1i ⊗ j ψ2i], (30)
jψ120i = 1fjc1j2 sin2 θ3 + jc2j2 cos2 θ3g1/2  [














j ψ1i ⊗ jψ2i
+




j ψ1i ⊗ j ψ2i]. (31)
As here hψ12jψ120i (= (1/2)(jc1j2 − jc2j2) sin 2θ3 e−i3) 6= 0, therefore the above state
jχi can not be locally unitarily connected to the state jφi. Thus we see that the above
assumption regarding states like jφi, jχi, etc., is not valid. They must satisfy some other
conditions.
6 An Open Problem
Conjecture (1) will be valid, if for some real values of θ1 and 1, jχ23...n(θ1, 1)0i (in equation
(10)) is a product state. And this will be valid if
cos θ1 v(1,i2,...,ij−1,1,ij+1,...in) − sin θ1 e−i1 v(2,i2,...,ij−1,1,ij+1,...in)
= µj fcos θ1 v(1,i2,...,ij−1,2,ij+1,...in) − sin θ1 e−i1 v(2,i2,...,ij−1,2,ij+1,...in)g, (32)
where µj’s are some complex numbers for j = 2, 3, . . . , n.
10 So Conjecture (1) will be
valid if one can solve (or, even, one can show the existence of solution of) the set of
(n−1)2n−2 number of equations in (32) for θ1 and 1, where the (arbitrary) coecients
v(i1,...,in)’s satisfy the 4n number of equations in (6).
10It should be noted that µj is same for all (i2, . . . , ij−1, ij+1, . . . , in) 2 Sn−2
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7 Discussions
We have provided here a simple proof that maximally entangled states of three spin{1/2
particles are locally unitarily connected, and assuming that a (certain) hyperplane in the
Hilbert space of (n− 1) spin{1/2 particles contains a product state, we have proved that
maximally entangled states of n spin{1/2 particles are also locally unitarily connected.
The question of equivalence class(es) of non-maximally entangled states of n spin{1/2
particles, for n  3, is still an unsolved problem{where the equvalence relation being the
local unitary connectedness of states. Actually solution of this problem would be directly
connected to measure(s) of entanglement. But we have proved that Schmidt{like states
of multiple spin{1/2 particles (we have done it for three spin{1/2 particles, but it can
be similarly extended) are not locally unitarily connected, if we demand that each of the
single particle reduced density matrices has its eigen values as the squares of the moduli
of the coecients in the Schmidt form.
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